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Abstract: The TOPKAPI (TOPographic Kinematic APproximation and Integration) model is a physically
based rainfall-runoff model derived from the integration in space of the kinematic wave model. In the
TOPKAPI model, rainfall-runoff and runoff routing processes are described by three nonlinear reservoir
differential equations that are structurally similar and describe different hydrological and hydraulic processes.
Equations are integrated over grid cells that describe the geometry of the catchment, leading to a cascade of
nonlinear reservoir equations. For the sake of improving the model’s computation precision, this paper
provides the general form of these equations and describes the solution by means of a numerical algorithm, the
variable-step fourth-order Runge-Kutta algorithm. For the purpose of assessing the quality of the
comprehensive numerical algorithm, this paper presents a case study application to the Buliu River Basin,
which has an area of 3 310 km2, using a DEM (digital elevation model) grid with a resolution of 1 km. The
results show that the variable-step fourth-order Runge-Kutta algorithm for nonlinear reservoir equations is a
good approximation of subsurface flow in the soil matrix, overland flow over the slopes, and surface flow in
the channel network, allowing us to retain the physical properties of the original equations at scales ranging
from a few meters to 1 km.
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1 Introduction
In the late 1960s, it was recognized that the standard hydrological forecasting models
used in engineering hydrology, typified by the Stanford Watershed, were too complicated to be
applied practically, and that the processes they represented were not always based on the
physical realities in the field (Todini 1988). The models that tended to be developed were
derived from descriptions formulated for the physically based approach of Freeze and Harlan
(1969), and adequately described the flow of water through the soil, over the soil surface and
in surface channels. As the technological capability has grown, it makes possible that these
models have the recognition and development of a demand for more distributed predictions, as
outlined by Beven and Binley (1992), Abbott et al. (1986), and Bathurst and O’Connell (1992).
The TOPKAPI (TOPographic Kinematic APproximation and Integration) model (Todini 1995;
Todini and Ciarapica 2002; Liu and Todini 2002) is a new physically based rainfall-runoff
model. It was developed as a result of critical analysis of two well-known and widely used
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semi-distributed conceptual models, TOPMODEL (Beven and Kirkby 1979; Beven et al. 1995;
Beven 1997) and the ARNO model (Todini 1996).
The TOPKAPI model is applicable at different spatial scales, ranging from the hillslope
to the catchment, and, finally, to the GCMs (general circulation models) (Sivapalan et al.
1987), maintaining physically meaningful values for model parameters at increasing scales.
The parameterization is relatively simple and concise. The TOPKAPI model combines the
kinematic approach with a digital elevation model (DEM) to describe a basin. Three
structurally similar nonlinear reservoir equations characterize the model and describe different
hydrological and hydraulic processes.
Ordinary differential equations (ODE) solved in time describe the three tree-shaped
cascades of the nonlinear reservoir equations of the TOPKAPI model. In the current version of
the TOPKAPI model, the nonlinear reservoir equations are solved using an analytical solution
based on an appropriate approximation (Liu and Todini 2002). In this way, the exponential item
is approximated using a quadratic equation, whose coefficients are obtained with the least
square method. Thus, the complex exponential equation is transformed into a low order one,
and an analytical solution is found. Analytical kinematic wave theory (Whitham 1974; Liu and
Todini 2005) has been used as an improvement over a traditional quasi-steady approach.
Furthermore, for the sake of improving the model computation precision, this study developed
an alternative solution that uses the Runge-Kutta numerical algorithm. This paper reports on
the application of the TOPKAPI model to the Buliu River Basin, located in Southeast China.
2 Fundamentals of TOPKAPI model
In the TOPKAPI model, the spatial distribution of catchment parameters, precipitation
and hydrological response is described in the horizontal direction by grid cells (the pixels of a
DEM) and in the vertical direction by a column of horizontal layers for each grid cell. During
the TOPKAPI simulation, each grid cell of the DEM is assigned a value for each of the
physical characteristics represented in the model. The flow paths and slopes are evaluated
from the DEM, according to a neighborhood relationship based on the principle of the
minimum energy cost. In the upper unsaturated soil layer,
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where v1 is the surface soil water volume stored in the cell; t is time; fa is the infiltration into the
cell; X is the grid cell size; uoq is the discharge entering the active cell as overland flow from
the upstream contributing area; usq is the discharge entering the active cell as subsurface flow
from the upstream contributing area; fb is the percolation rate from the surface soil layer; C1 is
the local conductivity coefficient; and sα is the exponent of the power function that depends
on the property of the soil.
Overland and channel flow routing are described similarly to the soil component,
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according to the kinematic approach in which the momentum equation is approximated by the
Manning formula. Integrating the kinematic equation over the longitudinal dimension leads to
the following nonlinear reservoir model for overland and channel flow:
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where v0 and vc are water volumes stored in overland and channel flow, respectively; r0 is the
saturation excess resulting from the solution of the soil water balance, either in the form of
precipitation excess or exfiltration from the soil in absence of rainfall; rc is the lateral drainage
input, including the overland runoff reaching the channel reach and the soil drainage reaching
the channel reach; W is the width of the rectangular channel reach; ucQ is the inflow
discharge from the upstream reaches; and C0 and Cc are the coefficients relevant to the
Manning formula for overland and channel flow, respectively. A detailed introduction to the
TOPKAPI model can be found in referenced literature (Todini and Ciarapica 2002; Liu 2002;
Liu and Xie 2003).
3 Numerical algorithm
A general form of the nonlinear reservoir equations in the TOPKAPI model can be
written as
d
d
cv a bv
t
= − (4)
where v is a variable (e.g., the average soil moisture content, soil water volume in the reservoir,
or water depth over the slopes or in the channel), and a, b and c are constants for each time
step.
It has been found that the nonlinear reservoir equations can be solved analytically based
on an appropriate approximation (Liu and Todini 2002). In general, the approximation is
( )cv v vα β= + , in which α and β can be estimated using the least square method.
Kinematic wave theory (Whitham 1974; Wooding 1965) in a grid model based on the
characteristic methods (Liu and Todini 2005) is also employed to improve the traditional
nonlinear approach. For improving the computation precision, a derivation of the Runge-Kutta
numerical algorithm for the nonlinear equation is described in the following section.
Eq. (4) comprises the Lipschitz qualification of v. In theory, the solution to the initial
problem ( )0 0v t v= is existent and unique (Clapp and Hornberger 1978). Discretization is
conducted for Eq. (4). The classical fourth-order Runge-Kutta algorithm is adopted to create a
formula for the numerical algorithm, which has the following form:
( )1 1 2 3 42 26n n
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where
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Figure 1 Main tributaries of the Buliu
River Basin
1
c
nK a bv= − 2 12
c
n
hK a b v K§ ·= − +¨ ¸© ¹
3 22
c
n
hK a b v K§ ·= − +¨ ¸© ¹ ( )4 3
c
nK a b v hK= − +
and h is the step length. It is proven that the truncation error is O(h5). Considered at each step,
the truncation error is small as long as the step length is small. With the reduction of step
length, the number of steps increases. An increased number of steps causes an increase not
only in the work and time necessary for calculation amount, but also in the accumulation of
rounding error. An approximate value with step h is sought starting from node tn. It is denoted
as )( 1
h
nv + . The step length is reduced by half, to get from tn to tn+1 with step h/2, and an
approximate value ( / 2)1
h
nv + is obtained. Thus, the difference of the computed results,
( ) ( )/ 2
1 1
h h
n nv vΔ + += − (6)
is used to determine whether the chosen step length is appropriate. Two different instances are
distinguished and dealt with below:
(1) At a given precision İ, if İΔ > , the step length is reduced by half repeatedly until
İΔ < , resulting in a final ( / 2)1hnv + .
(2) If İΔ < , the step length is repeatedly doubled until İΔ < . Then, the step length is
reduced by half once again, and the result is produced.
For a given step length, the calculation amount increases with each step, but it is
cost-efficient as a whole. This guarantees the astringency and stability of the formula.
4 Application
4.1 Watershed situation
The Buliu River Basin, which is located in
Southeast China (Figure 1), covers an area of
approximately  23310 km with primarily loamy soil,
as well as clay near the basin’s outlet. The length of the
Buliu River is 132 km. The Buliu River Basin is in the
subtropical monsoon region and its mean annual
precipitation is 1193 mm.
4.2 Data setup
The basin is represented by a DEM, which can be accessed on the internet (Figure 2), that
has a grid cell side length of 1 km (USGS 2003). Digital soil texture and land use data of the
basin are shown in Figure 3 and Figure 4, respectively. According to the distribution of gauge
stations in the watershed, the flood season data from seven rainfall stations (Jiayou, Xinhua,
Mazhuang, Leye, Naai, Xianrenqiao, and Pingla) in 2003 were used for model parameter
calibration. The time step of the data was 1 hour, and the grid scale was 1 km. The flood
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season data from 2004 and 2006 were used for model validation. The Thiessen Polygon
method was adopted to distribute the rainfall values and extend the point data over the whole
watershed (Figure 5). Due to the lack of air temperature data, observed surface evaporation
data from the Tiane hydrological station, which is near the watershed, were used for the
calculation of the evapotranspiration module.
Figure 2 DEM of Buliu River Basin Figure 3 Soil texture of Buliu River Basin
Figure 4 Land use of Buliu River Basin Figure 5 Thiesson polygons of rainfall stations
4.3 Calibration and validation of model
It can be seen from Figure 4 that most of the land use in the watershed is cropland and
wooded grassland, so there is little canopy interception. The activation of canopy interception
was not considered in the simulation. The initial value settings of TOPKAPI parameters can be
found in some of the referenced literature (Liu 2002; Liu and Xie 2003; Liu 2004). In theory,
the parameters that have a definite physical meaning do not need calibration, but can be
determined by direct measurement. However, the measured values are based on measured
points that do not represent the total area, and some parameters show great variation within a
small range of time and space that is difficult to determine by measurement, so parameter
calibration is necessary in practical applications. In contrast to the calibration of lumped
conceptual models, the calibration of TOPKAPI makes tiny rectifications for the parameters.
The Nash-Sutcliffe efficiency coefficient of model calibration for the flood season of 2003
is 0.885, and the coefficients of validation for the flood seasons of 2004 and 2006 are 0.911 and
0.939, respectively. Comparisons of calculated and observed discharge in model calibration and
validation are shown in Figures 6 through 8. The primary model calibration parameters runoff
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product and flow concentration are shown in Tables 1 and 2.
Figure 6 Discharge process comparison of TOPKAPI calibration from May 31 to July 6, 2003 in Pingla
Figure 7 Discharge process comparison of TOPKAPI validation from July 2 to August 3, 2004 in Pingla
Figure 8 Discharge process comparison of TOPKAPI validation from July 4 to August 20, 2006 in Pingla
Table 1 Primary parameters of runoff product of TOPKAPI calibration
Soil texture ksh1(m/s)
ksv1
(m/s) vf − vr vs − vr Įs Įp
L
(m)
Clay loam 4.92E-05 2.46E-07 0.312 0.432 2.5 20.0 0.30
Clay 8.83E-05 4.42E-07 0.275 0.385 2.5 25.8 0.20
Note: ksh1 is horizontal soil saturated conductivity in the surface soil layer, ksv1 is vertical soil saturated conductivity in the
surface soil layer, vf − vr is effective field capacity, vV − vr is effective saturated water content, Įs is the exponent of the power
function that depends on the property of the soil, Įp is the exponent of the power function determining soil water percolation, and
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L is the thickness of the surface soil layer.
Table 2 Primary parameters of flow concentration of TOPKAPI calibration
Land use
no
(m-1/3s-1)
Strahler stream
order
nc
(m-1/3s-1)
Evergreen needle leaf forest 0.400 ĉ 0.020
Evergreen broadleaf forest 0.400 Ċ 0.015
Deciduous broadleaf forest 0.300 ċ 0.010
Mixed forest 0.250 Č 0.005
Woodland 0.200
Wooded grassland 0.150
Grassland 0.095
Cropland 0.085
Note: no is the Manning friction coefficient for the surface, and nc is the Manning friction coefficient for the channel.
5 Conclusions
The TOPKAPI model uses a kinematic approach to the topography of the catchment and
three structurally similar nonlinear reservoir equations to describe different hydrological and
hydraulic processes, including rainfall-runoff processes. This paper presents a variable-step
fourth-order Runge-Kutta algorithm numerical solution for TOPKAPI equations, and a
simulation of the flood process of the Buliu River Basin. The results show that the variable-step
fourth-order Runge-Kutta algorithm for nonlinear reservoir equations is a good approximation
of the subsurface flow in the soil, the overland flow over the slopes, and the surface flow in the
channel network, allowing for the retention of the physical properties of the original equations
at finite scales ranging from a few meters to 1 km.
In this method, the distribution of water mass over one grid cell is assumed uniform.
When the grid scale is large, the variation of water storage in each grid cell cannot be ignored.
If the variation within the grid space were considered, the general form of the model equations
would change as follows:
cv va b
t x
∂ ∂
= −
∂ ∂
(7)
It would be very difficult to solve this nonlinear, non-homogeneous equation. This application
has used a model with 1-km-grid cell resolution; the scale is moderate for an assumption that
the grid is uniform in space. When the grid scale is large, it is necessary to use a new model
structure that better corresponds to practical physical laws, or probe the solution of Eq. (7) to
set up the model.
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